Exactly soluble non-perturbative model of pure gauge QCD is suggested as the weak coupling limit of lattice theory in loop formulation [1] . The model provides exact calculation of any loop average in the continuum limit. Wilson loop is computed for abelian and non-abelian unitary groups in various dimensions, including D = 4 where it reproduces perimeter law for U (1) and gives area law for SU (N ). Latter, according to Wilson, means confinement of quarks.
Introduction.
It is well understood that confinement of quarks can only be described in the framework of the non-perturbative QCD. Discovery of asymptotic freedom [2] within perturbative approach to the Yang-Mills theory unambiguously peaks QCD as a genuine model of strong interaction. However, the growth of the effective coupling constant towards infrared region, which is the backward prediction of asymptotic freedom, makes perturbative theory unreliable in infrared. From other side, the non-perturbative solution of the Yang-Mills model cannot be considered as a realistic goal due to our unability to make sense of the path integrals except gaussian case. In this case derivation of the non-perturbative solution means summation of all Feynmann diagramms, which is practically impossible.
The unique known opportunity to solve the problem non-perturbatively is provided by the Wilson lattice model [3] which is exactly soluble 1 at any coupling constant (i.e., nonperturbatively) on any finite lattice. In two-dimensions, for example, the lattice model easily gives an exact solution [4, 5] in continuum. In D > 2 the problem is much more complicated. However, since lattice model already contains all non-perturbative information, the remaining problem of taking continuum limit of the results, in spite of being also a non-trivial task, looks essentially more attractive since we traditionally prefer deduction (taking a limit), rather than induction (non-perturbative generalization of the perturbative results).
It is very important, in this respect, to formulate lattice model in the most adequate terms. We shall argue that such formulation is the loop-variables formulation performed for D = 3 in [1] . This formulation is the starting point for present analysis, and will be briefly reviewed in the next section. The motivation, though it was partially given in [1] , is as follows.
The 
where λ o is the bare coupling constant, l and p denote links and plaquettes of D-dimensional lattice, U l is the unitary matrix (U (N ) or SU (N )) attached to l-th link. The products of U l 's are ordered according to the geometrical order of links. The gauge-invariant δ-function is
where r is an irreducible representation with the character χ r (U ) and dimension d r = χ r (I).
The only non-zero observables in this model are invariant ordered products of link variables along closed loops, such as
(C is the closed contour). It is understood for a long time that the loop variables are relevant to solution of the quark confinement problem [3, 6] . In particular, it was argued in [3] that the area-law behavior of (3),
where A is the area of the minimal surface S having C as a boundary and σ is the positive parameter (string tension), means confinement of quarks, since it corresponds to the growing with the distance potential between colored objects. The practical use of the idea of dealing only with the loop variables has been first explored by Makeenko and Migdal [7] in relation to the loop equation (see also [8] and references therein). However, in spite of all efforts and the progress achieved in this direction, the solution to the problem has not been found (for the new development in the loop equation see [9] ).
We are going to employ here another idea which is based on reformulation of the model itself (i.e., partition function and loop averages), so that the plaquette (loop) matrices become independent variables 2 . This reformulation requires calculation of the integral
in (1), which is responsible for the interaction between plaquettes. Then, the idea is: if the model is a free (or almost, in any sense, free) field of these variables (in other words, interaction between plaquettes is rather weak), then the area law (confinement) is straightforward (see (8) below) and all observables can be derived around this free field (i.e., confining) solution. However, there is a weak point in this idea, which requires clarification. Namely, let us notice that the integral (5) provides global gauge invariance in the model (1) . In particular, this results in invariance of the average 3
with respect of choice of surface S (as it must be!). If nevertheless one ignores interaction (5), i.e., one replaces the model (1) by the free field
2 Similar proposal has been mentioned in [6] . 3 
i.e., depends on area A of arbitrary chosen surface! The explanation for this is, certainly, that the free model (7) is wrong and the interaction between plaquettes plays an important role. The surface-invariance of (6) is a result of the global gauge invariance which cannot be ignored. From the other side, since the "area law" (8) is already obtained, it is tempting to try to improve only definitions of averages, like (6) , and not the (so easily soluble) model (7) . For example, since the symmetry between surfaces is restored by taking a sum over all surfaces, let us assume that the only role of the plaquette interaction (5) is to provide this symmetry. Then one could still use the model (7) changing the definitions of averages by summing them over all surfaces. However, this rise the problem of proper accounting the weights of surfaces (the entropy factor), and the problem becomes too complicated. The only honest way to solve the problem is to start with the full model (1) and compute the integral over links (5) . In paper [1] this calculation has been done exactly (for D = 3), thus, providing the starting point for present analysis.
The paper organized as follows. In Section 2 we repeat the loop formulation [1] and also write the result in terms of a statistical model, which reveals certain locality property of the model. In Section 3 we suggest factorization of characters in the weak coupling limit and argue that this corresponds to the continuum. In Section 4 we continue the weak coupling expansion and make connection to the heat-kernel technics. In Section 5 we discuss the gaussian approximation which in D = 3 allows naive continuum limit. In Section 6 we generalize all considerations to D = 4 and, practically, to arbitrary D. In Section 7 the Wilson loop average is computed for different gauge groups and dimensions, and in Section 8 we discuss and summarize the results.
2 Lattice QCD 3 as statistical model.
After taking integral (5) and substituting it to (1) one obtains [1] the model which is defined on the two-dimensional infinite genus lattice formed by hexagons h as shown on Fig.1 . Here, we again temporarily introduce link unitary matrices, which are the plaquette matrices of the original model (1) . The partition function is
The δ-function is again given by (2) . It is important that the order of hexagon's links in the product (argument of δ-function) is fixed (as l 1 l 2 l 1 l 2 l 1 l 2 ) so that each character contains either l 1 or l 2 -type link matrices (on Fig.1(a) , they denoted by either thick or dotted lines respectively). A fragment of the resulting 2d lattice is shown at Fig.1(b) . The whole lattice is easy to imagine as obtained from the regular 3d lattice (the lattice spacing is doubled) by replacing links by the tubes (handles) and vertices by the smooth connections of tubes. Besides this two-dimensionality of the model, there is another important consequence of the plaquette formulation which has not been emphasized in paper [1] .
Namely, we notice that the configuration corresponding to Fig.1(a) is described by the function
which is independent of U 's. The integral goes over 12 links corresponding to dotted lines on Fig.1 (a). Only these links enter the characters under integral. Label i in the second product counts hexagons in this configuration. Function F depends only on highest weight components of the representations. All integrals over matrices U enter the partition function only through F . Representations r are attached to the hexagons, and the partition function is a sum over all configurations of them. The interaction occur since each hexagon is shared by two neighboring configurations of Fig.1 (a).
The model (9) takes the form of the statistical model of the integer valued N -component field r. One substitutes (2) into (9) and, using definition (10), obtains:
Label j counts the 8-hexagon configurations as on Fig.1(a) . Let us emphasize that the surface separates the three-dimensional space into two identical subspaces (see Fig.1(b) ) and j counts all configurations from both subspaces (otherwise there would be no interaction in the model). It is clear, one can introduce the dual regular lattice with vertices placed into centers of configurations of Fig.1 (a) and dual links orthogonal to hexagons. Most importantly, this representation unambiguously demonstrates the local character of interaction between plaquette matrices U p . This locality is reflected in decomposition of all integrals over unitary matrices into the F -configurations. This is quite surprising result. Nothing similar can be observed in terms of link variables in the Wilson (or any other based on the link variables) model. This locality means that the interaction between plaquette matrices U p gives rather weak influence on a long-distance, continuum, phenomena.
Instead, the long-distance effects are rather defined by the interaction between N -component fields r (irreducible representations), while the contribution due to U p 's affects only form of function F . The latter has to be irrelevant, to some extend, in continuum, especially for such phenomena as confinement. This also fits the idea of universality of continuum limit.
3 Weak coupling limit of lattice QCD 3 .
Technically, the observation of locality made in the previous section means that one can modify F in such a way that the continuum limit of the model will be left unaffected.
To figure out what kind of modification can be done one recalls that the continuum corresponds to the weak coupling limit of the lattice model. This has to appear as a result of renormalization-group procedure on a lattice but also one can try to use this information in advance (i.e., first, to take weak coupling limit at fixed lattice size and then to make a refinement of the lattice). Thus, we shall replace F by its weak coupling, λ o → 0, limit.
In this limit the leading contribution comes from the saddle point, U = I. In the linkvariables formulation, there is a principal objection against using such an approach, since this saddle point means that the model is abelian, and it is clear that the proper non-abelian solution cannot be obtained around this point. The important advantage of the plaquettevariables formulation is that this is not the case anymore! Indeed, restriction U p = I for the plaquette matrix (which is the product of link matrices, U p = l∈p U l ) impose very slight constraint on each link matrix and leaves its eigenvalues almost unrestricted. Thus, one can be certain that the most essential non-abelian properties of the original model are preserved.
Near this saddle point, the character of the product can be replaced by the product of characters,
where factor d −2 r provides a proper normalization. It is easy to see that this replacement, made in (10), indeed leaves weak-coupling limit of F unaffected. In abelian theory, in particular, (12) is identity.
The partition function takes the form
where sum goes over all configurations of r's, product goes over all cubes x (or, over vertices of the dual 3d lattice) and interaction between neighboring cubes x and y, on their common plaquette (which is the link xy of the dual lattice), is defined by
Here, I n (z) is the modified Bessel function. Irreducible representation r is traditionally parametrized by the Young table parameters (representation's highest weight components) n µ (µ = 1, ..., N ) with the dominance condition n 1 ≥ n 2 ≥ ... ≥ n N ≥ 0. In (14) , another set of parameters h µ = n µ − µ + N is used (then, the condition is h 1 > h 2 > ... > h N > 0). The formula for dimension of representation is
, and the character is:
where e iφµ are eigenvalues of U . The second equality in (16) is due to the Itzykson-Zuber formula [11] .
In terms of the link-variables formulation, the partition function (13) is equivalent to the following construction. Considering cube as a frame (set of its links), one writes its two-dimensional functional of boundaries according to the general formula [5] :
where C 2 (r) is the quadratic Casimir eigenvalue. For cubic frame, number of boundaries equals to number of plaquettes, m = 6, and area A = 0. Thus, (17) takes the form
Then the partition function (13) is an integral over all plaquette boundaries U p , treated as independent variables, and the integrand is the product (over all cubes) of such functions multiplied by the product of all plaquette functionals exp N λo tr (U p + U † p ), and takes the form 5 :
The Wilson loop average (3) takes form (6) in this model. According to our arguments in the beginning of this section, the particular choice of action does not affect the continuum limit, if it corresponds to the weak coupling limit on a lattice. In particular, one can replace Bessel function I n (z) in (14) by its asymptotics at large z, which corresponds to the λ o → 0 limit,
and write (14) as
Using Itzykson-Zuber formula this can be written as
The resulting partition function is
This representation looks familiar due to the hermitian matrix models extensively studied in recent years. To make the similarity more obvious we assume that h is continuous variable. Formally, this can be done by rescaling the integer-valued h as h √ λ o → h, just as one does [13] in the large-N two-dimensional theory. Then, sum over h-configurations becomes the path integral Dh(x) with the measure Dh = ∆ 2 (h) k dh k . The dominance constraint is automatically satisfied due to antisymmetry of the Vandermonde determinant.
The validity of such a replacement will be discussed in Section 5. For a moment, we preserve the λ o dependence and simply assume that h is continuously varying quantity.
The model takes the form
The loop average (6) takes form of an average of some function of h field and will be considered in separate section. Introducing a dual three-dimensional lattice where x counts vertices and xy corresponds to links, we recognize in (24) a 3d Kazakov-Migdal model [14] up to some choice of parameters (in the original KM model, the tr h 2 term enters with an adjustable parameter 1/m 2 o while tr h(x)U h(y)U † term enters with fixed coefficient). Apart of the fact that this coincidence takes place only in three dimensions (as we shall see below, at D > 3 the model is far from KM), the observation is quite peculiar. In [14] the attempt has been made to interpret the diagonalizing unitary matrices U xy as a prototype of the real non-abelian field. The large-N solution of (24) (this model is indeed exactly soluble in the large-N ) was declared as a proper master field of QCD. The whole idea was dismissed after observation [10, 15] that U xy cannot play role of real gauge field since due to the local Z N symmetry its averages can be only trivial. A peculiarity, however, is that, as we see now, the KM master field is indeed true master field in three dimensions (and only in three-dimensions), though proper QCD averages are completely different since they are averages of h(x) and not of U xy field.
Turning back to the finite N , we see that in spite of all advantages of formulation in terms of N -component field (instead of N 2 -component one), the model (24) is not yet easily soluble. The difficulty comes from the Itzykson-Zuber interaction (21) mainly due to the presence of Vandermonde determinants in denominator. From other side we understand that all "singularities" are precisely canceled by the determinant in the nominator, and whole expression is non-singular symmetric function of h(x) and h(y), as it is also clear from the integral representation (22) .
Besides, there is yet more freedom of taking the small λ o limit, which leads to further simplifications. For this purpose we shall study the λ o -expansion of (22) in the next section. Also, this will be done in two different ways, which helps to understand better the real meaning of h variables.
Heat kernel and λ o -expansion.
The matrix-model technics of the previous section is equivalent to the heat kernel one. It is fruitful to establish more connection between these two approaches. In derivation of (24) we replaced the Bessel function by its λ o → 0 asymptotics. Let us demonstrate that this is the same as to replace Wilson action exp N λo tr (U + U † ) by the heat kernel [4] ,
Expression (14) after substitution (25) takes the form
where D R rxry is the multiplicity of representation R in the tensor product r x ⊗ r y ,
The equivalence between (22) and (26) can be easily established in their λ o -expansions. Expansion of Itzykson-Zuber integral entering (22) is
Low orders of this expansion can be derived using explicit expressions for powers of traces tr n AU BU via the characters χ r (AU BU † ) and formula
We have
where to derive O(λ 2 o ) term we have used
and thus,
Higher order terms can be derived in a similar manner. Expansion (31) is then to be substituted into (22) . Expansion of (26) can be derived by technics of [16] which is based on the replacement of −C 2 (R) by the group Laplace operator tr ∂ 2 U ,
Applying tr ∂ 2 U to both sides of (28) one derives the identity
which gives the order O(λ o ) of f . C 1 (r) is the first (linear) Casimir eigenvalue. To obtain the next order we apply tr ∂ 2 U twice to (28) and get
etc. Thus, for (26), one has
Taking into account explicit expressions for Casimir eigenvalues,
and definition of h µ is changed to h µ = n µ −µ+ N +1 2 ) one checks order-by-order agreement between (22) and (37).
Thus, the heat-kernel Young table parameters h µ also play role of the eigenvalues of the hermitian matrix, and the subsequent equivalence between heat-kernel and matrix-model approaches one establishes by identification: C 2 (r) with tr h 2 , C 1 (r) with tr h, d r with ∆(h) etc. The λ o -expansion (37) shows that f is indeed non-singular symmetric function of h.
Up to now we considered general unitary group, U (N ). For SU (N ) there are some changes. In particular, Casimirs of SU (N ) can be obtained from Casimirs of U (N ) by the replacement h µ → h ′ µ = h µ − 1 N tr h. Thus, for SU (N ),
(we ignore the additive constant R). Thus, hermitian matrix h ′ is traceless matrix for SU (N ), as it is known from the parametrization of unitary matrix by the hermitian one as U = exp iH. Correspondingly, formula (36) becomes
while instead of (37) we have
5 Gaussian model and continuum limit.
As we already mentioned, one can scale λ o out by the replacement h √ λ o → h. After this, h becomes continuous variable in the λ o → 0 limit, but λ o formally disappears (certainly, in observables λ o -dependence does not disappear).
This creates an obstacle since one would like to replace (37), (43) by the gaussian approximation,
Formally, gaussian approximation is not an equivalent of ignoring the higher orders in the λ o -expansions (37), (43), because in (44) one also has all orders of λ o . This approximation means modification of the form of action. To some extend this is a question of universality, which one expects to be the case. However, if λ o -dependence could be preserved in (37), (43), gaussian approximation would be more straightforward. Formally, this still can be done if one notice that in the λ o → 0 limit, the quantity λ β o h is also continuous variable for any β > 0 and if also β < 1 2 , then the higher orders still negligible since the actual parameter of expansion is λ 1−2β o . This means that actually the problems of allowing h to be continuously varying and validity of gaussian approximation can be discussed separately.
In the large-N 2d QCD, the first issue was related to the problem of large-N phase transition [17, 18] . It was argued [19] that the discreteness of h is reflection of the compactness of the gauge group, so that the large-N transition corresponds to decompactification of the group manifold in the weak coupling regime. Apart of the specific questions related to the large-N limit, we conclude that the problem of allowing h to be continuously varying is a matter of choice of what kind of theory one wishes to obtain in continuum. The compact theory corresponds to discrete h. Contributions of h ∼ 1/ √ λ o play an important role. This is definitely relevant to the lattice theory (λ o is not small). Allowing h to be continuously varying means that the main contributions come from h ≪ 1/ √ λ o , which corresponds to the continuum (λ o → 0). In other words, one realizes that the compact theory (discrete h) corresponds to the lattice, while non-compact theory (continuous h) relevant to the continuum. In particular, choosing continuous h one excludes such phenomenon as lattice confinement which takes place even in U(1) theory [20] .
The second question, on legitimacy of the gaussian approximation, if related to ignoring the higher orders in λ o , seems also be resolved since it is assumed that the main contribution comes from small √ λ o h. Eventually, validity of this step is closely related to the universality issue and must be tested in results. In particular, we shall see that confinement can be obtained even in the gaussian model, subject of some prescription, though gaussian approximation is not always directly applicable.
Let us notice also, that the non-gaussian corrections in (37), (43) are of order 1/N 2 , i.e., suppressed in the large-N limit. If one can show that this suppression takes place in all orders (which is probably true), then gaussian approximation gives an exact results in N → ∞ limit.
Remarkably, the gaussian partition function, 
allows the naive continuum limit. Introducing lattice spacing a and replacing lattice sums and differences by the integrals and derivatives one obtains
where kinetic term is
and potential term is
Let us notice that K is nothing but square of gradient of linear Casimir, and therefore K ≡ 0 for SU (N ), while V is nothing but SU (N ) quadratic Casimir, so that V ≡ 0 in the U (1) case. Expression (46) is written for U (N ) group. Thus, the U (1) action contains only kinetic gaussian term, while the SU (N ) action -only potential term.
Generalization to four dimensions.
Even without step-by-step repeating the procedure of [1] for D = 4, it is easy to understand that after factorization suggestion (12) the partition function takes the form of (13), where at each plaquette, instead of f xy relating two cubes x and y, we have a function relating four neighboring 3-cubes (each plaquette is shared by 2(D − 2) 3-cubes in general case). We have
where f x 1 ...x 4 is four-dimensional replacement of f xy (14) . The most general function of this type is
(one implies here that in the case of U † , the conjugate representation is taken instead, due to χ r (U † ) = χ r (U ). There are some differences with respect to the case of two characters. Substituting the characters (16) , one gets
. under integral. In the leading order this factor gives no contribution, and one obtains (using actually Itzykson-Zuber integral representation for the character (16))
(we have switched to the notation h j ≡ h(x(j))). Here, one faces another difference with respect to three-dimensional case: the integrals over V 's are not decoupled. Indeed, in D = 3, there are only two V 's and one of them is trivialy decoupled, so that the resulting integration goes over U xy = V x V † y . If one introduces the same variables in D > 3, one realizes that there are additional constraints taken along closed loops, δ(I, ij U ij ), where delta-function is again given by (2) .
For instance,
where k counts triangles. Geometrically, this corresponds to the tetrahedron where U ij matrices attached to the links ij , matrices h j placed in the vertices and the constraints are taken along triangles.
Exactly the same problem appears in the matrix models of 2d quantum gravity in the case when embedding target space corresponds to the physical situation of central charge c > 1. In spite of all efforts made in recent years the solution of such problems is unknown, though some important information can be learned from the simplest physical case of only one constraint (this corresponds to c = 1), considered in [21] (see also review [22] and references therein).
In any case, it is clear that the singlet function (according to terminology of [21, 22] )
gives leading contribution to full function (52) (or, (53)) in the λ o → 0 limit. Moreover, as argued in [21, 22] , this contribution is distinguished from the rest, since corresponding quantum-mechanical system undergoes Kosterlitz-Thouless phase transition [23] at some point λ KT > 0, and the singlet function describes the system in the non-empty interval 0 ≤ λ o < λ KT .
Thus, we adopt function (54) as four-dimensional generalization of (14) . All subsequent consideration is quite similar to D = 3 case. The model takes the form
where again, like in D = 3 (24), x counts 3-cubes (to distinguish from 4-cubes) and xy means pair of 3-cubes having common plaquette. Since plaquette is shared by four 3-cubes in D = 4, there are six such terms at each plaquette. It is not difficult to repeat all above consideration for arbitrary D and to derive the same representation (55) where x's are the 3-cubes of D-dimensional regular lattice. In what follows, while mentioning arbitrary D, we again refer to the model (55) with only implication that this is defined on D-dimensional lattice.
Generalization of the formula (35) to the case of arbitrary number of characters is
where the minus sign appears when r i and r j are in different classes of conjugation. Since in the partition function there is a sum over all representations, i.e. h can be negative as well, one can ignore the different signs and take for definiteness one of them. Therefore, in gaussian approximation, (50) becomes
and gaussian partition function takes the form
We emphasize that x counts 3-cubes and not 4-cubes. There are four 3-cubes interacting at each plaquette, and xy counts six pairs of them. Therefore, in contrast to three dimensions, in D > 3 even gaussian model does not allow naive continuum formulation.
However, as we shall see in the next section, this is not an obstacle for calculation of observables in continuum limit.
Loop averages.
In the original formulation of the model [3] (i.e., in terms of the link unitary matrices U l ) the Wilson loop average in fundamental representation is given by equation (3). In model (13) it takes the form
where S is arbitrary surface enclosed by C.
A difference with respect to expression (55), occurs at the plaquettes of S. At such plaquette, function f x 1 ,...,x 4 (51) has to be replaced by
Then, the average takes the form
where averaging ... is understood in a sense of (55), A o is lattice area of S, and matrix D µ has all zero entries except µ-th diagonal entry, which is equal to 1.
In the gaussian approximation, for the general case of U (N ) group,
where C 2 (f) is quadratic Casimir of the fundamental representation (f = {n 1 = 1, n 2 = ... = n N = 0}): C 2 (f) = N for U (N ) and C 2 (f) = N − 1 N for SU (N ). The derivative ∂ ⊥ is taken in the directions (or only one direction, in case of D = 3) orthogonal to the surface S.
It is easy to see that in the U (1) case (62) indeed coincides with the original definition
with the pure kinetic gaussian action, and after simple calculation (e.g. [24] )
reproduces perimeter law in D = 4. This example is very fruitful, as it shows that the reason for cancellation of area term in (62) is the linear transverse fluctuations of field h. Only boundary effects cannot be canceled, which results in the perimeter law.
In D = 2, these fluctuations are absent by definition, since ∂ ⊥ ≡ 0. For the case when the manifold is an infinite plane, one gets
for any N , including abelian theory, in agreement with the known result [4] . It is not difficult to check that in the topologically non-trivial D = 2 cases, one also obtains the known answers [5] .
In D > 2 we have to check the invariance of W (C) with respect to the choice of S, which is result of the global gauge invariance. In U (N ) case it is provided by the invariance of measure with respect to h → h + const × I. To see explicitly how another choice of surface, say S ′ , gives the same result in D = 3, it is enough to make shift h k → h k + 1 for all cubes in the volume bounded by compact surface S ∪ S ′ . In D = 4 the same has to be done for any 3-subspace connecting S and S ′ .
In the SU (N ) case, gaussian approximation (62) leads to paradox described in Introduction: since tr h ≡ 0 (so, there are no linear fluctuations), the result is the area law, however with the area of arbitrary surface.
From other side, the expression (61) possesses the required invariance. To see this, it is enough to restore the full hermitian matrix notations H = U hU † and then, using an invariance of the measure, to make the shift H → H + D µ in the 3-volume connecting surfaces S and S ′ .
In other words, the resolution of the paradox is that the averaging over U matrices play an important role: it provides the required invariance with respect to the choice of the surface. Therefore, firstly, one has to minimize the action in (61) with respect to U , which projects the result to the minimal surface and only then the averaging over h can be performed. In fact this becomes trivial for SU (N ). This is the result of another important role of U -variablessuppression of the linear fluctuations of h. Thus, transition from (61) to (62) corresponds to taking a minimal area, which resolves the "paradox" and we now understand why.
For U (N ), we obtain
where W U (1) (C) is given by (63) with 1 N tr h instead of h, while the area dependence (A min is continuum area) enters SU (N ) Wilson loop:
The quantity
is the string tension. According to Wilson [3] , area law (67) means confinement of quarks. Similarly, SU (N ) loop average in representation R is
and arbitrary average is
where
is the Fourier coefficient of ξ(U ).
8 Summary and discussion.
Thus, we have the non-perturbative and exactly soluble model (55) of the quantum gauge theory, which is equally applicable to abelian and non-abelian situations. By exact solubility one implies the possibility to compute non-perturbatively the continuum observables. Moreover, the computation is in fact very simple. We computed Wilson loop average which is the simplest quantity of this type. The result unambiguously gives area law for SU (N ) and also reproduces the results known before.
Several weak-coupling approximations of the lattice model has been made. As we discussed, they do not affect our main result, which is confinement of quarks. Moreover, we strongly believe the most of these approximations can be equally applied to calculation of more complicated observables. Unfortunately, it is probably impossible, to suggest the continuum action of the model (except gaussian case in D = 3). Calculation of averages requires every time repetition of steps made after (55), though they are quite simple. The main problem in such calculation is the loop formulation of the quantity to be averaged. The averaging over U -variables gives proper projection, and the resulting averaging over h is almost trivial.
Apparently, factorization of characters (12) is the most natural and also is most crucial simplification. As we already mentioned, the reason why the model remains non-trivial under this replacement lays in the nature of loop formulation: the condition U p ≡ l U l = I does not impose a big restrictions on matrices U l . Thus one learns that even within gaussian model the non-trivial results can be obtained. Recently, similar idea was argued by I.Kogan and A.Kovner [25] .
Though confinement was obtained in the gaussian approximation, one can argue that the non-gaussian corrections are irrelevant in continuum, which means that the result is continuum-exact. Moreover, in view of the weak-coupling approximations, one might rather expect the loss of the phenomenon, which, as it is well understood, is an attribute of the strong couplings. The survival of the phenomenon shows that it is in fact very sharp. Besides, since it is obtained in the gaussian approximation, we conclude that confinement is universal property of any quantum gauge theory based on the non-abelian unitary group.
In principle, one could make gaussian approximation at the very beginning of the analysis, since this is a simplest possible approximation. However, it is important to keep control of all particular stages in order to be able to restore corrections in case of necessity (which could be computation of more complicated observables).
It is especially important to remember, in this respect, that additional approximations has been made in D = 4.
The "technical" reason for confinement is that corresponding hermitian matrix H is traceless (C 1 (r) ≡ 0) and, thus, there are no linear fluctuations of h. The crucial role is played by the diagonalizing unitary matrices U which fluctuations project the result to the minimal surface, thus providing calculational invariance with respect to the choice. This is result of the global gauge invariance. The U -matrices are hidden degrees of freedom of the model. Their own observables are trivial [10] , but their presence has to be taken into account while calculating the real QCD observables -averages of h fields. Minimization over U push the model to the global minimum of the action. The role of U -variables can be significantly different for different quantities. As we realize here, these variables are completely "invisible" in the partition function (i.e., in a free energy), while one sees their revival in the Wilson loop. Generally, we expect them to play more important role in more complicated quantities. Correspondingly, we may expect the increasing role of corrections with respect to h, ignored in the present computation of the simplest loop.
Qualitatively, picture of confinement can be given in terms of elementary fluxes, which are the loop (plaquette) variables. Then, QCD is a theory of almost non-interacting fluxes. The total flux through any surface is additive function of elementary fluxes, which results in the area law, and the only role of interaction between fluxes is to provide the global gauge invariance, or, invariance with respect to the choice of a surface. The total flux through compact surface is zero.
Since our intuition is quite weak in four dimensions, it is fruitful to keep in mind the algebraic similarity with the principal chiral field model (PCF) defined in the lower dimensions. The above consideration can be easily carried on for PCF. Then, the PCF partition function is given by (55) with plaquettes instead of 3-cubes and links instead of plaquettes. The analog of Wilson loop is two-point correlator G xy , while the analog of loop formulation is formulation in terms of links. In representation (55), G xy takes form of (59), where links (replacement of QCD-plaquettes) belong to arbitrary curve connecting points x and y. In all subsequent formulas for Wilson loops, the area must be replaced by the length of a curve. It is fruitful to use this analogy, for instance, while checking the invariance with respect to the choice of the curve, in order to see a difference between two-and three-dimensional PCF. To see that two different curves, L xy and L ′ xy , give same result in D = 2 (analog of QCD 3 ) one makes the constant shift of h's at all plaquettes of surface enclosed by L xy ∪ L ′ xy . In D = 3, to check the same one has to make such shift on arbitrary surface enclosed by L xy ∪ L ′ xy . We actually used this analogy while checking the surface-invariance of loop average (59) in D = 4.
Since we mentioned PCF, it could be fruitful to discuss the exact integrability issue. This is beyond the subject of present paper. We can only say that the exact integrability observed in the PCF partition function can be related to the mentioned invisibility of U degrees of freedom. Their revival in observables, discussed above, exactly fits the known failure to extend any conclusion from integrability to the correlators of fields.
As it was mentioned, the three-dimensional model (24) coincides with three-dimensional Kazakov-Migdal model [14] . In spite of completely different definition of observables, the master field solution of KM model could be directly applicable if one studies the large-N limit of model (24) . At present, however, such solution is not known 6 .
A suppression of the non-gaussian corrections to the action at N → ∞ can be clearly seen already in (42). This gives a promising idea for the large-N analysis.
There are many problems yet to be solved. The most important of them is an extension of present analysis to the full version of the model, i.e., inclusion of the matter fields, and calculation of physical masses.
The highly non-trivial problem is the renormalization-group analysis and computation of the non-perturbative beta-function. From the present analysis we yet unable to draw any conclusion in this direction.
